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Abstract 

We construct exact solutions, which represent regular charged rotating Kaluza-Klein multi-black 
holes in the five-dimensional pure Einstein-Maxwell theory. Quantization conditions between the 
mass, the angular momentum, and charges appear from the regularity condition of horizon. We also 
obtain multi-black string solutions by taking some limits in the solutions. We extend the black 
hole solutions to the five-dimensional Einstein-Maxwell-Chern-Simons theory with an arbitrary 
Chern-Simons coupling constant. 
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I. INTRODUCTION 



Higher-dimensional black holes in asymptotically Kaluza-Klein spacetimes would play 
an important role in understanding basic properties of fundamental theories, since our real 
observable world is a macroscopically four-dimensional spacetime, then extra dimensions 
must be compactified. Exact solutions of the Kaluza-Klein black holes are constructed 
explicitly, and their properties are studied. For example, five- dimensional squashed Kaluza- 



23[ behave as fully five-dimensional black holes in the vicinity 



Klein black hole solutions 
of the squashed S 3 horizon, while they asymptote to four-dimensional flat spacetimes with a 
twisted S 1 as a compactified extra dimension. Then we can regard these squashed Kaluza- 
Klein black hole solutions as models of realistic higher- dimensional black holes. 

Recently, we have investigated extremely rotating regular vacuum multi-black holes in the 
five-dimensional asymptotically Kaluza-Klein spacetimes 



24. 



25] . We have shown that each 
black hole has a smooth horizon with the topology of the lens space in addition to the S 3 . 
The compactness of the extra dimension plays an essential role for existence of multi-black 
holes in vacuum, and mass of each black hole is quantized by the size of the compactified 
extra dimension. 

In the present paper, we generalize these results to charged rotating Kaluza-Klein multi- 
black hole solutions in the five-dimensional Einstein-Maxwell theory. Until now, to our 
knowledge, any exact charged rotating black hole solutions have not been found in the 
five- dimensional pure Einstein-Maxwell theory. In contrast, the five-dimensional Einstein- 
Maxwell- Cher n- Simons theory, which is suggested by the supergravity, admits regular 



chart 



ed rotating black hole solutions in closed form both in asymptotical 



26 



-14 



17 



23 



y flat spacetimes 
3311 . The Chern- 



43 2] and in asymptotically Kaluza-Klein spacetimes {HO, liB- 
Simons term is necessary for the solutions. Then, the solutions presented in this article are 
the first example of exact solutions that represent charged rotating multi-black holes in the 
five- dimensional pure Einstein-Maxwell theory. 

This paper is organized as follows. We present explicit forms of solutions in SecJTTl 
and investigate asymptotic structures of the solutions, the regularity at the horizons, and 
the conserved charges in Sec JIIIl We show in Sec jIVI that some known multi-black hole 
solutions are obtained by taking a limit in our solutions, and we also show in Sec|V] that 
multi-black string solutions are obtained by another limit. In Appendices, we generalize 



2 



our solutions to the solutions of non-degenerate horizon case and solutions to the five- 
dimensional Einstein-Maxwell-Chern-Simons theory with an arbitrary value of the Chern- 
Simons coupling constant. 



II. SOLUTIONS 



We consider charged rotating multi-black hole solutions in the five- dimensional Einstein- 
Maxwell theory with the action 



S — — ^— / d 5 x^ (R - F, U F 

107T J 

We assume that the metric and the Maxwell field are written as 

ds 2 = -H~ 2 dt 2 + H 2 (dx 2 + dy 2 + dz 2 ) + 
A^dx^ = ^H~ x dt + 5<jJ, 



(1) 



1 2 



a (H' 1 -l)dt+ -dip + f3u3 



(2) 
(3) 



where 



VTLi 



r - r, 



(4) 



is the harmonic function on the three-dimensional Euclid space with point sources located 
at r = Vi := (xi,yi, Zi). The 1-form u, which satisfies 



V x uj = VH, 



(5) 



has the explicit form 



E 



mi 



z - Zj (x - Xj)dy - (y - y { )dx 
\r-Ti\ (x - Xi) 2 + (y - yi) 2 



(6) 



In the expressions (^-(ED , vn>i and L are constants, and a, (3, 7, 5 are parameters to be fixed. 
As will be shown later, r = are black hole horizons. 

The five- dimensional Einstein equations require that the parameters a, (3, 7, 6 should 
satisfy 



2a 2 - f3 2 + 4 7 2 - 2 = 0, 
a 2 - 2/3 2 - A5 2 + 2 = 0, 



(7) 
(8) 
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and the Maxwell equations require 

cry - ps = 0. (9) 
From (J7J), (JSJ), and OH]) we find two possible cases: 

« 2 = /? 2 , 7 2 = 5 2 = ^, (10) 

or 

« 2 = ^ 2 , P 2 = \l 2 = l-a\ (11) 

where sign of the parameters should keep ([9]). 

First, we assume /3 ^ 0, where the solutions describe multi-black holes. After that, we 
consider (3 = case, where the solutions describe multi-black strings. 

III. CHARGED ROTATING MULTI-BLACK HOLES 

We begin with the case (3^0. In this case, the solutions describe charged rotating 
multi-black holes in the Einstein-maxwell system. 

A. Asymptotic structure 

First, we see the asymptotic behavior of the metric (j2j). In the limit r — > oo, the metric 
behaves as 

ds 2 ->■ -dt 2 + dr 2 + r 2 dtt 2 S 2 + ^- Utif> + ^ Yl mi cos 6d( ^j • ^ 

where dQ^ 2 = d9 2 + sin 2 9d(f> 2 is the metric of the unit two-sphere. Then, the spacetime with 
the metric (EJ is asymptotically locally flat, i.e., the metric asymptotes to a twisted constant 
S 1 fiber bundle over the four-dimensional Minkowski spacetime, and the spatial infinity has 
the structure of an S 1 bundle over an S 2 . We see that the size of a twisted S 1 fiber as an 
extra dimension takes the constant value L everywhere. 

Next, we inspect the apparent singularities r = r, of the metric ([2]). The absence of 
naked singularity on and outside the surfaces r = r,j requires the parameters m, should be 

mi > 0. (13) 
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For simplicity, we restrict ourselves to the cases of two-black holes, i.e., mi 7^ 0,m2 7^ 0, 
otherwise rrii = 0. Without loss of generality, we can put the locations of two point sources 
as 7*1 = (0, 0, 0) and r 2 = (0, 0, a), where the constant a denotes the separation between two 
black holes. 

In this case, the metric is 



ds 2 = -H~ 2 dt 2 + H 2 (dr 2 + r 2 dn 2 s2 ) + 
where H and u> are given by 



a 



(H- 1 -l)dt + -dip + /3u 



mi 

H = l + — + 
r 



m 2 



y/r 2 + a 2 — 2ar cos 9 ' 



u; = ( mi cos 6* + m 2 - 



r cos — a 



(14) 

(15) 
(16) 

V r 2 + a 2 — 2ar cos / 

respectively. The coordinates run the ranges of —00 < t < 00, 0<r<oo, < 9 < ir, < 
< 2tt, and < ip < 4vr. 

In the coordinate system (t, r, 9, <p, ip), the metric ( }l~4"j) diverges at the locations of two 
point sources, i.e., r = r\ (r = 0) and r = r 2 (r = a, 9 = 0). In order to remove apparent 
divergences at r = 0, we introduce new coordinates (v, ip') such that 



dv = dt + H 2 dr + Wd9, 
2a 

dip' = dip- — (dt + Hdr + Vd9) 
where the functions W and V are given by 

W{r,6) = J dr-^(H 2 ), 

V(r, 

respectively. Then, the metric ffl4T) takes the form of 
ds 2 



dr §9 H ' 



(17) 
(18) 

(19) 
(20) 



- H~ z (dv - Wd9y + 2dr (dv - Wd9) + /fVdfi^ 

2 

+ ' 



aE' Y dv + /?u> + a (V - H^W) d9 + -dip' 



(21) 



In the neighborhood of r = 0, the metric (121"]) behaves as 



ds 2 



(a 2 - l)r' 



dv 2 + 2dvdr + ml 



dn< 2 +P*l 



( L 



2/3mi 



dip" + cos 



+ 2r 
+ 0(r 3 



2m\m2 sin # 



3mim 2 sin^ 



dr<i# + a/3 ( dv H — ^ rc^ ) ( — — cfo/>" + cos 

\ 2a 2 / \2pmi 



( L 



(22) 
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where we have used 

28 

d^p" = dip' - -fm 2 d<\). (23) 

LJ 

If the factor 2/3mi/ L is a natural number, say ni, the induced metric on the three- 
dimensional spatial cross section of r = with a t — const, surface is 

2" 

■ + cos 9d(p \ 



n\L 2 

4/3 2 



ds' 



\r=0 



in 2 s2 - ( ^- - 



(24) 



That is, the r = surface admits the smooth metric of the lens space L{n\\ 1) = S 3 /Z ni . 

In this case, from ( 122]) we see that r = is a null surface where the metric (1211) is regular 
and each component is an analytic function of r. Therefore, the metric (|2~T|) gives analytic 
extension across the surface r = 0. By the same discussion, we see that the metric (fl~4"j) also 
admits analytic extension across the surface r = r 2 if 2(3m 2 /L is equal to a natural number 
n 2 . 

We also see that r] = d v is a Killing vector field that becomes null at r = 0. Furthermore, 
7] is hypersurface orthogonal to the surface r = 0, i.e., rj^dx^ = g vr dr = dr there. These 
mean that the null hypersurface r = is a Killing horizon. Similarly, r = r 2 is also a Killing 
horizon. Hence, we can see that the solutions (fT4|) with (fT5|) and ( !T6|) describe Kaluza-Klein 
multi-black holes, which have smooth Killing horizons without singularity on and outside 
the black hole horizons. Since the <p-ip part of the metric is positive definite, it is clear that 
no closed timelike curve exists. Near each horizon limit, the metric (fT4|) approaches the 



L(nf, 1) bundle over the AdS 2 space at the horizon 34j, |35 |. 

We can generalize the discussion to the metric ([2]). The metrics ([2]) describe multi-black 
holes of the lens spaces L(rii; 1) topology if the parameters m 8 are quantized as 

m = —n u (25) 

where rij are natural numbers. The area of the horizons are given by 

A\ r=ri = ^Ass, (26) 



where ^4g3 denotes the area of a unit S 



3 



6 



B. Mass and Charges 



We define the Komar mass M associated with the timelike Killing vector £m = d/dt, and 
obtain as 

We also obtain the angular momentum associated with the spacelike Killing vector = 
3/ dip as 

J * = wJj S ^^ a -^A s , (28) 

We see that the spacetime ([2]) is rotating along the extra dimension. 
We can obtain the electric charge Qi and the magnetic flux 

Qi = ^-f *F=^A s s, (29) 
Air y S 3 7r 

% = I F = -Srm, (30) 

respectively, where S 3 denotes a closed surface on a time slice surrounding each black hole, 
and £ 2 denotes a closed surface surrounding each black hole on the base space. 

In these calculations, we see that rrii characterize the mass of black holes, and «, 7, S are 
related with the angular momentum, the electric charge, the magnetic flux, respectively. 
The parameter L is related to the size of extra dimension at infinity as seen before. The pa- 
rameter /3 controls the twist of extra dimension, and gives the unit of quantization of mass in 
cooperation with L. If none of these parameters vanishes, the solutions describe electrically 
and magnetically charged rotating Kaluza-Klein multi-black holes to the Einstein-Maxwell 
equations. 

From conditions (J7|) and (jHJ), we have 

i(a 2 + /3 2 )+ 7 2 + 5 2 -l = 0. (31) 

Substituting the Komar mass ( 1271) . the angular momentum (1281) . the electric charge (12~9~1) . 
and the magnetic flux fl30|) into (I3ip . we obtain the extremal condition as 

(iJ*V „ 2 ,„ ,„i f7mL 2 \ 2 /4M\ 2 

{—) +Q + ^ + {—)-{—) ' (32) 
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where Q = J2i Qu ^ — Yli ^i, an d n — Yli n «- We should note that the size of extra dimen- 
sion L cannot be infinitely large under the mass M is finite. The Kaluza-Klein structure is 
a critical property for the present solutions. We can rewrite the conditions (1101) and (II ip for 
possible two cases in terms of M, J^, Q, \& and L. In the first case ( ITU]) we have 

4J^'\ 2 1 [AM\ 2 ^ fitnL 2 ^ 2 



Q-(2.»r, y— ) =-^-j -Q'={—) ■ (33) 

The angular momentum and the mass square minus the electric charge square are quantized 
by the size of extra dimension. In the second case ( !TT|) we have 

4 ^ fr-U™)'-^) 1 =(!?.)'. (34) 



L J 3 V ' ' 3 4 V 3 y \ L J V 2 

The electric charge and the mass square minus the angular momentum square are quantized 
in this case. If ^ = 0, one of Q or vanishes. It is clear that non-vanishing magnetic flux 
is a key for the charged rotating Kaluza-Klein multi-black hole solutions. 

With respect to the timelike Killing vector £u\, we define the ergosurfaces where the 
Killing vector becomes null, i.e., 

g tt = -H- 2 + a 2 (H~ l - I) 2 = 0. (35) 

Since gtt is a continuous function on the spacetime outside the horizons for the range of 
parameters (Tl3l) . and g tt (r = r,j) = a 2 > and gu(oo) = — 1 < 0, then there always exist 
ergoregions around the black hole horizons. The topology of the ergosurface depends on the 
location of black holes 10) . 



In the same manner, we can construct charged rotating single Kaluza-Klein black hole 
solutions with non-degenerate horizons to the Einstein-Maxwell equations. This case is 
discussed briefly in Appendix |A) In Appendix El we also generalize our solutions to the 
solutions in the five- dimensional Einstein-Maxwell-Chern-Simons theory with an arbitrary 
value of the Chern-Simons coupling constant. 



IV. BLACK HOLES WITH = 



We consider the limiting solutions with = 0. There are two subcases: 5 = 7 = 0, a" 

3 



(3 2 = 2, and 5 = a = 0, (3 2 = h 2 = 1. 
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In the first case, Qi = = then the Maxwell field ([3) vanishes. Then the metric 



coincides with the Kaluza-Klein vacuum multi-black holes 



24 



25) 



ds 2 



-H~ 2 dt 2 + H 2 (dx 2 + dy 2 + dz 2 ) + 2 



1 2 



(H^ 1 - l)dt 



2V2 



dip ± u) 



(36) 



In the second case, = ^ = then the metric ()2]) and the Maxwell field ([3]) reduce to 

2 



ds' 



-H~ 2 dt 2 + H 2 (dx 2 + dy 2 + dz 2 ) + -dip + u 



\/3 

AAx» = ±—H~ l dt, 
2 



(37) 



(38) 



w 



rich describe charged static Kaluza-Klein multi-black holes with a twisted constant S 1 

m. 



V. MULTI-BLACK STRINGS 



Here, we consider the case /3 = 0. In this case, the fiber-bundle structure reduces to the 
direct product of the S 1 fiber as the extra-dimension and base space. Then, the metrics ([2]) 
describe multi-black strings. 

We have two subcases. In the first case, /3 = a = and 7 2 = 5 2 = 1/2, the metric (J2J) 
and the Maxwell field ((3]) become 

L 2 



ds 2 = -H~ 2 dt 2 + H 2 {dx 2 + dy 2 + dz 2 ) + —dip 2 , 

= d— {H- l dt + w) , 
v2 



(39) 
(40) 



which describe dyonically charged static multi-black strings. 

In the second case, (3 = 7 = and a 2 = |<5 2 = 1, the metric ([2]) and the Maxwell field 



reduce to 



ds' 



-H~ 2 dt 2 + H 2 {dx 2 + dy 2 + dz 2 ) + ((H- 1 - l)dt + ^dip^j 



V3 

AAx^ = ± — uj>, 
2 



(41) 
(42) 



which describe magnetically charged boosted multi-black strings. 

In the single black string case, the solution (13TJ1) and ( 14"0"|) was obtained in the context 



of the ten-dimensional type-IIA string theory in 



37J, and the solution (jUJ) and (jU 



38 



was 



obtained in the context of the five- dimensional Einstein-Maxwell-dilaton theory in 
Analytic extensions across the horizons for (1391) and (jUJ) are given by ( 12T|) with = 0. 



VI. SUMMARY 



We have constructed exact charged rotating Kaluza-Klein multi-black hole solutions in 
the five-dimensional pure Einstein-Maxwell theory. The metric asymptotes to the effectively 
four- dimensional spacetime at infinity, and the size of the compactified extra dimension takes 
the constant value everywhere. We have shown that each black hole has a smooth horizon 
and its topology is the three-dimensional sphere or lens space L(rii] 1) with an arbitrary rij. 
The positions of black holes on the three-dimensional flat base space are free parameters. 

The solutions are characterized by the size of extra dimension, the mass, the angular 
momentum along the extra circular dimension, the electric charge, and the magnetic flux. 
These quantities are related with three conditions which come from the Einstein-Maxwell 
equations. Regularity of horizons requires that some of these quantities are quantized by 
the size of extra dimension, L. Then, the minimum size of black hole which is comparable 
to L exists. By this reason, we cannot obtain asymptotically flat solutions from the present 
solutions by taking the limit L — > oo keeping the black hole mass finite. This is consistent 
with the fact that any exact charged rotating multi-black hole solutions in asymptotically 
flat spacetimes have not been found in the five- dimensional pure Einstein-Maxwell theory. 
The Kaluza-Klein spacetime structure with a compact extra dimension plays a crucial role 
in constructions of exact charged rotating black hole solutions in the five- dimensional pure 
Einstein-Maxwell theory. 

We have also obtained multi-black string solutions by taking limits. Furthermore, we 
can easily generalize the solutions in the five-dimensional Einstein-Maxwell-Chern-Simons 
theory with an arbitrary value of the Chern-Simons coupling constant (see Appendix IBI) . 
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Appendix A: Charged rotating Kaluza-Klein black holes with non-degenerate hori- 
zons 



We consider the metric and the Maxwell field of the charged rotating Kaluza-Klein black 
holes with non-degenerate horizons in five dimensions as 



2m q 2 \ , 9 / 2m q 2 
-R + R 2 ) dt + V-^ + -R 2 



ds 2 = - ( 1 - ^ + ^ ] dt 2 + [ 1 - ^ + ^ ] cLR 2 + # 2 c^ 2 



+ - a j^dt + /3q cos 6d(f)j , (Al) 

A M <ix M = - + 6q cos 6><i0. (A2) 

R 

The Einstein equations require the conditions ((7j) and (jHJ) between the parameters a, /3, 7, 5 
and the Maxwell equations require (|9]), as same as the multi-black hole case. 
For the absence of naked singularity q < m then we have 

+ Q 2 + (2ttL*) 2 + — — < — , (A3) 



instead of f[32|) . If m = g, by the use of r = i? — m, we recover the single black hole case of 
the metric (j2J) and the Maxwell field ((3]) with vii\ = m and rrii = (z > 2). 

The metric ( 1A1I) and the Maxwell field (1A2I) is discussed as a special solution, where the 
size of the extra dimension is constant, to the Einstein-Maxwell-Chern-Simons equations in 
Ref. jjj. The parameters in their solution are different from the present solution. 

Appendix B: Charged rotating black holes in Einstein-Maxwell-Chern-Simons sys- 
tem 

We consider the five-dimensional Einstein-Maxwell-Chern-Simons theory with the action 

(Bl) 



S= — I 

16n 



-g (R - F,^) - ^=e^A,F vp F aC 



where A is the Chern-Simons coupling constant |4CH43j . For vanishing A, pure Einstein- 
Maxwell theory is recovered, and A = 1 is suggested by the minimal supergravity. 

We assume the same forms of the metric and the Maxwell field ( lAlj) and ( 1A2I) for single 
black holes or ([2]) and (El) for multi-black holes. Since the Chern-Simons term is free from 



11 



the metric, the Einstein equations require the same conditions (0) and (151). On the other 
hand, the Maxwell equations modified by the Chern-Simons term require 

3(a 7 - 05) - AV3-f5X = 0. (B2) 

If the parameters a,/3,j,5 satisfy ([7]), ([8]), and (IB2I) . the metric and the Maxwell field 
is a solution which represents charged rotating Kaluza-Klein black holes in the Einstein- 
Maxwell-Chern-Simons theory with arbitrary A. In the A = 1 case, the single black hole 

nn 

solution coincides with a special case of solutions obtained in |8|, |17J . 
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